In this paper we investigate the effects of external electric and magnetic fields on a three-dimensional harmonic oscillator with axial symmetry. The energy spectrum of such a system is non-degenerate due to the presence of the magnetic field. The degeneracy of the energy spectrum in the absence of a magnetic field is discussed. The influence of electric and magnetic fields, as well as the frequencies of the oscillator on the probability distribution function is analyzed. Optical transition probabilities are examined by deriving the selection rules in dipole approximation for the quantum numbers ρ , and . Employing stationary perturbation theory, the effects of deformations of the potential energy function on the oscillatory states are analyzed. Such models have been used in literature in analysis of spectra of axially symmetrical molecules and cylindrical quantum dots.
Introduction
Development of exact quantum theoretical methods to study the interactions between electromagnetic fields and matter is of great importance in variety of areas, including: fundamental sciences, technology, material sciences, biophysics, medicine etc. The advantages of modern technologies have opened many possibilities (and even provided new directions) for experimental research of those interactions. Remarkable and invaluable experimental results have so far been obtained, giving deep insights into the influences of electromagnetic fields at atomic and molecular levels. However, it seems that the mechanisms of interactions are still a matter of discussion, especially a consistent quantum-mechanical model that would provide a more general description. Usually, the starting point in the treatment of the impacts of electric and magnetic fields on atoms and molecules is the model of a simple harmonic oscillator placed in an external field. These models cover a very wide area of physical problems, such as molecular vibrations, motion of an electron in the field of crystalline lattice in metals or semiconductors, quantum dots confined in parabolic potential, the impact and probable hazards caused by electromagnetic fields on living organisms etc [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . Various quantum mechanical models for analytical modeling of multi-dimensional atomic and molecular vibrations have been developed and different methods of solving equations have been used [4] [5] [6] [11] [12] [13] [14] [15] . In most cases, the actual multi-dimensional problem is observed as a system of one-dimensional problems, in order to reduce the computational effort required to solve the Schrödinger equation in 2 or 3 dimensions. This certainly leads to overlooking some of the relevant properties, especially, when the effects of external fields on the degeneracy of molecular vibrations are in question. Even though the potential energy functions for most of the polyatomic molecules are well known, and very accurate computational methods have been derived, there's still a need to search for analytically solvable forms of the Schrödinger equation, that will provide a satisfactory general model for polyatomic molecular vibrations. In previous papers by our group [16] [17] [18] we have investigated three-dimensional, as well as two-dimensional harmonic and anharmonic oscillator models in the presence of an external electric field. The field effects were treated using the stationary perturbation theory methodology, and it was shown that energy level splitting occurs in the presence of an electric field which could be suitably modeled by various forms of potential energy operators, perturbatively added to the non-perturbed molecular Hamiltonian.
In this paper we consider a 3D analytical model, suitable for modeling polyatomic vibrations in the presence of electric and magnetic fields. The model leads to an analytically solvable Schrödinger equation in the limits where the electric and magnetic fields remain constant and do not affect the original molecular potential (low fields). The complete eigenvalue problem is investigated and the dependence of the energy spectrum on the electric and magnetic fields, as well as on the frequencies of the oscillator is analyzed. Deriving the selection rules in dipole approximation, we show that for the considered model not all of the optical transitions are allowed, which is of high importance in spectral analyses and is very often neglected. For higher field magnitudes we consider some deformations of the molecular potential, that could be modeled by various forms of perturbation operators, and are thus treated by perturbation theory methodology. In that manner we propose quadratic, cubic and quartic deformations, and we investigate the perturbation effects thereof.
Formulation of the problem. Schrödinger theory

The eigenvalue problem
Three-dimensional harmonic oscillators represent a system of three independent one-dimensional perpendicular harmonic oscillators, which can be often used as an approximate model of a triply-degenerate molecular vibration in molecules of high symmetry. In this work we consider a model describing a 3D oscillator, with anisotropy in one dimension, thus suitable to be applied in the case of molecular systems with axial symmetry. Due to the symmetry, solving the problem is carried out in a cylindrical coordinate space. The potential energy function of the oscillator is represented in the following form [19, 20] :
where ω 0 = ω = ω and ω are the classical frequencies and M is the mass of the oscillator. The corresponding Hamiltonian of a quantum mechanical system with a scalar potential energy functionÛ, placed in a magnetic field, is [21] 
where is the charge of the oscillator, = 2π is the Planck constant, A is the vector potential for which the "Coloumb gauge" divA = 0
is satisfied. The scalar potential energy function of a three-dimensional harmonic oscillator, which includes the interaction of the oscillator with an external electric field of magnitude E oriented parallel to the z-axis, iŝ
A similar problem of a spherical oscillator placed in an external homogenous electrostatic field was studied by Petreska et al. [16] . In this work we consider a vector potential which in cylindrical coordinates has the following form
where e ρ , e and e are the unique vectors in cylindrical coordinates and B 0 is a constant. Since the magnetic field is a curl of the vector potential B = curlA and by using the Coloumb gauge (3), the corresponding magnetic field is given by
The problem of a harmonic oscillator in the presence of a magnetic field was studied by Fock [22] . Furthermore, the case of an isotropic harmonic oscillator in the presence of electric and magnetic fields was recently used by Ikhadir et al. to model energy spectrum of cylindrical quantum dots [23] . The stationary Schrödinger equation for the wave function ψ(ρ ) of the system which corresponds to the Hamiltonian (2), by using relations (3), (4) and (5) can be rewritten in the following form:
where E (0) is the energy of the oscillator. In Eq. (7) is a cyclic coordinate, so the wave function ψ(ρ ) can be represented in the following form:
where is the magnetic quantum number having the values = 0 ±1 ±2 , and Ψ(ρ ) is a wave function which depends on ρ and . Introducing the no-
Eq. (7) becomes
This partial differential equation can be solved by using the method of separation of variables by factorizing the wave function as Ψ(ρ ) = R(ρ) · Z ( ). Thus, from (9), one obtains
From Eq. (10) the following ordinary differential equations can be derived:
where λ is a constant. From Eq. (11) one obtains
which has a solution of the form
where ρ 
Equation (15) is similar to those for a one-dimensional harmonic oscillator [19] [20] [21] which has a solution of the form:
is a quantum number having the values = 0 1 2 , C is the normalization constant and H √ α stands for the Hermite polynomials [24] . Accounting for (14) and (16), the total wave function gets the form:
where C ρ | | = C ρ | | · C is the normalization constant. By using the condition |ψ(ρ )| 2 dV = 1 and the relations described in the Appendix, for the normalization constant one obtains
The plots of the probability density functions at different magnetic field magnitudes for the ground and an excited state are given in Fig. 1 . Eigenenergies corresponding to the eigenfunctions (17) are of the form
From relation (19) one can conclude that the energy levels are non-degenerate due to their dependence on the quantum number . In absence of a magnetic field (B 0 = 0) the energy spectrum becomes
where * = 2 ρ +| |+ is a quantum number. From the spectrum (20) it follows that the energy levels characterized by the quantum numbers * These degeneracies of the energy spectrum (20) can be changed in cases where ω = ω 0 ( ∈ N). Thus, if ω 0 = ω = ω the energy spectrum (20) becomes
which is the energy spectrum of an isotropic harmonic oscillator in an external electric field. In relation (21) = * = 2 ρ + | | + is the principal quantum number of the oscillator having the values = 0 1 2 . The energy levels of a three-dimensional isotropic harmonic oscillator in an external electric field along the z-axis are ( + 1)( + 2) 2 -fold degenerate [16] , so from relation (19) one can conclude that the magnetic field removes the degeneracy of the oscillator. In absence of electric field (E = 0) the energy spectrum becomes [22] 
Note that for the corresponding two-dimensional case, the energy spectrum corresponds to that obtained in Ref. [5] . In order to visualize the parabolic confinement of the studied oscillator we present the density plots of the probability density function |ψ(ρ φ )| 2 in ρ-plane in Figs. 2, 3, 4 and 5. The isotropic case in its ground state ( ρ = 0 = 0 = 0) is given in Fig. 2 , from which one can conclude that the charged oscillators (electrons confined in parabolic potential due to atoms or ions of a molecule or a crystalline lattice) are being more localized around the -axis (direction of the field), while in an electric field the electron density shifts in the direction of the field. Fig. 3 represents the changes of the profile of the probability density for the ground state due to anisotropy along -axes. The anisotropy ratio is defined as ω /ω 0 , where ω is the angular frequency in direction, while ω 0 is the frequency in -plane. The combined effect of localization and shifting in electromagnetic field is also manifested for the excited states of both, isotropic and anisotropic systems. In Figs. 4 and 5 the probability density profiles for the excited state ( ρ = 1 = 1 = 1) are represented. The effects of a magnetic field on the electrons in -plane are shown in Fig. 6 , where a strong circular localization is observed. This clearly shows that the perpendicularly oriented magnetic field (along -axis) forces the electrons to rotate in a plane as a result of the Lorentz force effect, meaning that the model gives a realistic picture. 
Selection rules for the quantum numbers ρ , and in dipole approximation
Now, when the eigenvalues and eigenenergies for the studied system are obtained, we will also consider the possible optical transitions deriving the selection rules. In dipole approximation, the transition probability can be found by analyzing the matrix elements ρ |r| ρ , where r = i + j + k is the radius vector [21, 25] . If the matrix elements are different from zero the transitions are allowed. In cylindrical coordinates the matrix elements can be rewritten in the following form [17, 18] :
where ξ = + , η = − . Integrals (23) and (24) over the angular variable have the following form [17]
where δ ∓1 is the Kronecker delta, so it is different from zero if and only if ∆ = − = ±1. The integral (25) over the angular variable is
so it is different than zero if and only if ∆ = − = 0. These selection rules for the magnetic quantum number allow us to calculate integrals (23), (24) and (25) over the variables ρ and only between the states differing by ±1 and 0 in the magnetic quantum number. Three integrals of the following form are obtained:
One can show that the integrals (28) and (29) have the same form for ≥ 0 and for < 0, respectively (28) and (29) have the same form for < 0 and for > 0, respectively 
Deformations of the potential energy function. Stationary perturbation theory
Deformations of the potential energy function of quadratic form
We will now investigate the effects of different forms of deformations of the potential energy function on the energy spectrum of the considered oscillator. The following quadratic deformations are considered:
Deformations (36) and (37) mean an increase of the anisotropy in the vibrational modes of the unperturbed oscillator, along x and y axes, and z axes, respectively, due to either an external electrostatic field or an electrostatic field due to ions of a crystalline lattice surrounding the isolated diatomic molecular species. Deformation (38) describes coupling of the vibrational modes along x and y, x and z, or y and z axis. The parameters δ 1 δ 2 and δ 3 are phenomenological parameters that are expected to depend on both the inherent structural properties of the molecular system considered and the external electromagnetic field. Detailed explanation of some of the considered deformations is given in [16] .
Deformations of the potential energy function of cubic form
The effects of the following cubic deformations on the energy spectrum of the oscillator are considered:
Deformations of the potential energy function of higher order
Also, the following higher order deformations are ana-
To generalize -dependent perturbations to the Hamiltonian, we have also considered the first order corrections due to a perturbation of the form:
where ν ∈ N and 0 = E Mω 2 .
Perturbation theory for a non-degenerate case
The Schrödinger equation can be solved exactly only in some special cases of the Hamiltonian (2). In many problems in the potential energy function there are certain terms which only have a small influence on the considered system. These terms can be considered as small perturbations or deformations to the potential energy function noted asV . The method of the perturbation theory is formulated in the following way. First, the exact eigenfunctions and eigenvalues of the unperturbed Hamiltonian H 0 should be found, i.e.
The goal is to find the approximate solution of the equation
where ψ (ρ ) and E are the eigenfunctions and eigenvalues of the perturbed HamiltonianĤ =Ĥ 0 +V . One can show that for non-degenerate states the first order corrections to the energy spectrum are given by the following diagonal matrix elements of the perturbation operator [20, 21] 
The energy spectrum (19) is non-degenerate, thus we use the stationary perturbation theory for a non-degenerate case in order to calculate the corrections to the energy spectrum.
First order corrections to the energy spectrum
For calculation of the first order correction (46) to the energy spectrum under the influence of the deformations (36)-(42) we use relations (A1), (A2) and (A5). Thus, under the influence of the quadratic deformation (36) the first order correction to the energy spectrum is
from where one can conclude that the correction does not depend on the quantum number and the electric field E . Note that in absence of the magnetic field (B 0 = 0), the first order correction to the ground state |0 0 0 is E (1) 0 0 0 = δ 1 2Mω 2 0 ω 0 , which is obtained in [16] .
The first order correction to the energy spectrum due to the influence of the quadratic deformation (37) does not depend on the quantum numbers ρ and , or the magnetic field B 0 . It has the following form
Note that for the ground state |0 0 0 the correction is
which is the same as those obtained in [16] for an isotropic harmonic oscillator (ω = ω 0 = ω). One can show that the deformations of form (38) do not have any influence on the energy spectrum, i.e
for any quantum numbers ρ , and . The first order correction to the energy spectrum due to the influence on the cubic deformation (39) is given by
Thus the correction (50) does not depend on the quantum number . On the other side, deformation (40) does not have any influence on the energy spectrum, i.e.
The first order correction to the energy spectrum due to the influence of the higher order deformation of form (41) is given by
from where it follows that the correction depends on the quantum numbers ρ , and , the electric field E , and the magnetic field B 0 . Deformation of form (42) does not have any influence on the energy spectrum to a first order of the perturbation theory, i.e
In a same way one can find the corrections of the energy spectrum under the influence of various deformations of the potential energy function such as those considered in [16, 18] . The first order correction, calculated by (46) due to a generalized -dependent perturbation (43) is of the following form: All the deformations that we have considered in this study can be used to model high-symmetry molecular/ionic systems placed in a particular environment which induces symmetry reducing (with respect to the full symmetry of the free species). The overall medium influence may be thus considered as an effect of a "biasing field", while the influence of additional external electric and magnetic fields to these systems are considered as explained above. Therefore, we expect that the proposed analytical model should be applicable to a wide variety of realistic molecular systems.
Conclusions
Simplified quantum-mechanical models that provide a complete analytical treatment of the interactions between molecules and electromagnetic fields are of great importance. In this paper we consider such a model for an anisotropic oscillator embedded in an electromagnetic field. The results are presented for an anisotropic 3D oscillator, possessing cylindrical symmetry, influenced simultaneously by constant and homogenous electric and magnetic fields. Anisotropy effects on the probability density function are analyzed in-and out-side of the fields. The advantage of such models is that the Schrödinger equation can be solved analytically. We further extend the model considering symmetry breaking in the presence of an electro-magnetic field by adding a small perturbation to the non-perturbed Hamiltonian. In addition to the complete analysis of the wave function, probability density function, and energy spectrum, the possible optical transition for the studied system have also been investigated by deriving the selection rules for quantum numbers ρ , and in dipole approximation.
To conclude, this work offers a complete analytical treatment of the eigenvalue problem for a class of axially symmetrical molecular systems influenced by an electromagnetic field. The proposed model is general, so it could also provide a satisfactory analytical description of various physical phenomena related to field effects on axially symmetrical molecular vibrations, carbon nanotubes, quantum dots, etc. The addition of a time-dependent electro-magnetic field could be further treated by nonstationary perturbation theory, using the analytical solutions (17) , as a non-perturbed basis. As the aforementioned interactions between molecules and electromagnetic fields are of great importance in many areas, such as biophysics, material characterization, emerging molecule-based information technologies etc., we believe that the results obtained in this paper contribute to establishing a general basis for modeling of these interactions for a wide class of systems.
